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Abstract. In this paper, we obtained some inequalities for <p s — convex func- 
tion, ip— Godunova-Levin function, ip — P— function and log —ip— convex func- 
tion. Finally, we denned the class of tp — quasi— convex functions and we 
examined some properties of this class. 



1. INTRODUCTION 

Let us consider a function p : [a,b] — > [a,b] where [a,b] cl. 
In p] and [2], M.Z. Sarikaya defined the following classes: 

Definition 1. Let I be an interval in R and h : (0, f ) — > (0, oo) be a given function. 
We say that a function f : I — > [0, oo) is (p h — convex if 

(1.1) / (ttp(x) + (1 - t)p(y)) < h(t)f(tp(x)) + h(l - t)f (ip(y)) 

for all x,y € I and t £ (0, 1) . If inequality is reversed, then f is said to be 

(p h — concave. In particular if f satisfies il.l]) with h(t) = t, h(t) = t s (s S (0, 1)) , 
h(t) = j- and h(t) = 1, then f is said to be ip— convex, ip s — convex, (p— Godunova- 
Levin function and ip — P— function, respectively. 

Definition 2. Let us consider a tp : [a, b] — > [a, b] where [a, b] C IR and I stands for 
a convex subset o/R. We say that a function f : I — > M + is a log —p— convex if 

f (tp(x) + (1 - t)p(y)) < [/(*>(*))]* [/ (^(y))] 1 "' 

for all x,y G I and t £ [0, 1]. 

In this paper, we examined the character of the function / o ip according to 
character of / and tp functions and we obtained inequalities for log —ip— convex 
function, tp s — convex function, tp— Godunova-Levin function and <p — P— function. 
Finally we defined ip — quasi— convex functions and we gave some properties of this 
class. 



2. Main results 

Theorem 1. Let f be <p s — convex function. Then i) if tp is linear, then f o tp is 
s— convex in the second sense and ii) if f is increasing and p is convex, then fop 
is s— convex in the second sense. 
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Proof, i) From <p s — convexity of / and linearity of <p, we have 
fop[Xx+(l-X)y] = f[<p(Xx + (l-X)y)} 

= f[\<p(x) + (l-\)<p(y)] 

< X s f(p(x)) + (1-X) s f(p(y)) 

which completes the proof for first case, 
ii) From convexity of <p, we have 

<p [Xx + (1 - X)y] < X<p{x) + (1 - X)ip(y). 

Since / is increasing we can write 

fo<p[Xx+(l-X)y) < f[\<p(x) + {l-\)<p{y)] 

< X s f(p(x)) + (1-X) s f(p(y)). 

This completes the proof for this case. □ 

Theorem 2. Let f be p s — convex and let Y^i=i ** ~ T n = 1, ti e (0,1), i — 
1, 2, n, s 6 (0, 1), then 

(n \ n 

j2tMxi) \ <j2ttf(v(xi)). 
i=l / i=l 

Proof. From the above assumptions, we can write 

Xi) + t n p(x 

n J I 



,i=l 



ra-2 



n-1 — : Jn-2 J-n-1 



i=l 

fn—1 



< (T n - 2 ) S f \J2 T^^J + tn-lf(v(Xn-l)) + t S n f( V (x n )) 



This completes the proof. □ 

Theorem 3. Let f be tp—Godunova-Levin function. Then i) if tp is linear, then 
f o tp belongs to Q(I) and ii) if f is increasing and <p is convex, then fop g Q(I)- 

Proof, i) Since / is tp— Godunova-Levin function and from linearity of ip, we have 
fotp[Xx+(l-X)y] = f[p(Xx + (l-X)y)} 

= f[Xp(x) + (l-X)p(y)} 
< f o p{x) f o <p{y) 
X l-X 

which completes the proof. 
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ii) From convexity of ip, we have 

<p [Xx + (1 - X)y] < Xip(x) + (1 - X)ip(y). 

Since / is increasing we can write 

fo<p[Xx+(l-X)y] < f[X V (x) + (l-XMy)} 

f o <p(x) f o (p(y) 
X 1-A ' 

This completes the proof. □ 

Theorem 4. Let f be ip— Godunova-Levin function and let ^2™ =1 U = T n = 1, 
ti E (0, 1), i = 1,2, n, i/ien 

/(eW)<E^. 

\i=l / i=l tj 

Proof. From the above assumptions, we can write 

/ ^E ii^(^i)^ = / ^T„_i E + in<^(a;„)^ 

1 , / Ti-2 U t n -l \ f(ip(x n )) 



J-n-1 \ J-n-1 ~i J-n-2 J-n-l / *n 



i=l 



< 



< 



f (Etl lt-M X ^) , f{ V {x n -l)) , /(*>(*„)) 



E 



— 2 — 1 



This completes the proof. □ 

Theorem 5. Let / be ip — P— convex function. Then i) if ip is linear, then f o ip 
belongs to P(I) and ii) if f is increasing and <p is convex, then f o ip g P(I). 

Proof, i) From ip — P— convexity of / and linearity of ip, we have 
fop[Xx+(l-X)y] = f[p(Xx + (l-X)y)} 

= f[Xp(x) + (l-X)p(y)} 

< f(<p(x)) + f(<p(y)), 

which completes the proof. 

ii) From convexity of ip, we have 

ip [Xx + (1 - X)y] < X<p(x) + (1 - X)ip(y). 

Since / is increasing we can write 

fop[Xx+(l-X)y] < f[Xp(x) + (l-X)p(y)} 

< f(<p(x)) + f(<p(y)). 
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This completes the proof. □ 

Theorem 6. Let f be ip — P— convex and let Y^i=i ** ~ T n — 1, ti E (0,1), 
i = 1, 2, n, iften 

(n \ n 

52u<p(xi)) <j2f(v(xi)). 
i=l / i=l 

Proof. From the above assumptions, we can write 

/n-1 \ 

I' 7, 



(T _ 2 n ~ 2 U t _| \ 



< 



E/(<^))- 



This completes the proof. □ 

Theorem 7. Let / &e log —ip— convex function. Then i) if ip is linear, then f o ip 
is log— convex and ii) if f is increasing and ip is convex, then f o ip is log— convex 
function. 

Proof, i) From log —<fi— convexity of / and linearity of ip, we have 
fo V [Xx+(l-\)y] = f[ip(Xx+(l-X)y)] 

= f [\<p(x) + (l - \)<p{y)] 

< [/(*>(*))]* [/tete))] 1- * 

which completes the proof for first case, 
ii) From convexity of <p, we have 

tp [\x + (1 - X)y] < \<p(x) + (1 - \)<p(y). 

Since / is increasing we can write 

f o ip [Xx + (1 — X)y] < f[X<p(x) + (l-X)<p(y)} 

< \f{<p{*)tm<p(v))] 1 - x - 

This completes the proof for this case. □ 

Theorem 8. Let f be log— ip— convex function. For a,b E I with a < b 
X E [0, 1], one has the inequality 

Mb) 



ip(b) 



i r<PW 

—— / G(f(x),f(ip(a) + <p(b) - x))dx < G(f (ip(a)) , / (<p(b))). 
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where G{, ) is the geometric mean. 

Proof. Since / is log —ip— convex function, we have that 

/ (Xp(a) + (1 - XMb)) < [f Ma))] x [/ (^(b))] 1 ^ 
/ ((1 - XMa) + Xp(b)) < [f Ma))} 1 -" [f (<p(b)t 

for all A G [0,1]. 

If we multiply the above inequalities and take square roots, we obtain 

G (f (Ma) + (1 - XMb)) , / ((1 - X) V {a) + X<p(b))) < G(f Ma)) , / (<p(b))). 

Integrating this inequality over A on [0, 1], and changing the variable x — Xip(a) + 
(1 — X)(p(b), we have 

G[f[Xp(u) - A)^))./((] - X)p { u) + Xp(l»))<L\ 
< G(f M")) J Mb))), 

Mb) 

G(f(x), fMa) + <P(b) - x))dx < G(f (p(a)) , / Mb))) 



f 

Jo 



1 



<p(b) - ip(a) J v{a) 

which completes the proof. □ 

Definition 3. Let us consider a ip : [a, b] — > [a, b] where [a, 6] C M and I stands for 
a convex subset o/R. We say that a function f : I — > R+ is a ip — quasi— convex if 

f (Mx) + (1 - t)<p{y)) < max{[fMx))] , [/ My))]} 

for all x,y E I and t E [0, 1]. 

Theorem 9. Let f be ip — quasi— convex function. Then i) if p is linear, then 
f o ip is quasi— convex and ii) if f is increasing and p is convex, then f o tp is 
quasi— convex function. 

Proof, i) From ip — quasi— convexity of / and linearity of <p, we have 
fop[Xx + (l-X)y] = f[p(Xx + (l-X)y)} 

= f[Xp(x) + (l-X)<p(y)] 

< max{fM x ))JMy))}> 
which completes the proof for first case. 

ii) From convexity of ip, we have 

p [Ax + (1 - X)y] < Xp(x) + (1 - X)p(y). 
Since / is increasing we can write 

fop[Xx + {l-X)y] < f[Xp(x) + (l-X)p(y)} 

< max{fM x ))JMv))}- 

This completes the proof for this case. □ 

Theorem 10. Let f be p — quasi— convex function. For x,y E [a,b], x < y 
X E [0, 1], one has the inequality 

{2A 1 ,„(„\ ,„M / mdu<m a *{fMx))JMy))}- 

p(y) - ip(x) J v{x) 



6 



MERVE AVCI ARDIC* AND M.EMIN OZDEMIR' 



Proof. Since / is ip — quasi— convex function, we can write 

/ [\<p(x) + (1 - X)p(y)} < max {/ {<p(x)) , f (<p(y))} 

and 

/ [(1 - XMx) + X<p(y)} < max{/ , / (<p(y))} . 

If we add the above inequalities and integrate on [0, 1], we have 

1 r 1 



[/ [Av»(x) + (1 - AMy)] + / [(1 - XMx) + Xv(y)}} dX 

L Jo 

< max{f(<p(x)),f(tp(y))} 
which is equal to inequality in (|2.1[) . □ 

Theorem 11. Let f be ip — quasi— convex and let J^ILi U — T n — 1, tj G (0, 1), 
i = 1,2, n, then 

f y^tMxi) < max f((p(xi)) . 

\ z — J I l<i<n 

\i=l / 

Proof. From the above assumptions, we can write 

< max// ^2 jT—^ Vivi^J >/0p(Zn))j 

= max \ f ( V (p(xi) + %p^<p(x n -i) ] , / (<p(x n )) 

< max// [Y^y^ <P(Xi)j , f (p{x n -i)) , f (v(x n ))j 



< max {/ (<p{xt)) , / (ip(x n -i)) , / (ip(x n ))} 
= max / (<p(xi)) . 

l<2<n 

This completes the proof. □ 
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